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ABSTRACT:
The first section) entitled "Introductic,n and Al)plicationsJII
is self-descriptive. The paper begins by ~ntroducing and
d ,?fin in g the new terms "fractals" and "f r a:.tal g eo In
'3t.r;l. ' At the
same time~ Benoit B. Mandelbrot, ~s ~lccred~~ed for havil1g
developed this new field. The introductic~ is followed b~r SlffiDle
examples. This section is completed with 2.number of practical
applications involving a variety of sciences.
Section 2 consists of the background mathematics necessary
r- to understand the MandeJ.brot set cJ.nd the computer prl.)gram
illustrating it. To fully understand the section, some prlor
knowledge of complex analysis is necessary.
Section 3 and 4 are the program description and
documentation respectively. These se8tioflS are j.ncluded to givG
any reader with some computer programming experience a complete
understanding of the program.
The paper is c,:)mpleted with the outp1.1Sfrom the program.
This consists of computer-generated pictures of the Mandelbrot
set and portions of the Mandelbrot set.
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The remaining figures are v~ews of portions of the
Mandelbrot set.
Sec t ion 1: Introduction and Applications
What are fractals? Benoit B. Mandelbrot coined the
term in 1975, to describe what he saw as the fractured and
fractional characteristics of nature. Fractals are used 1n an
attempt to quantify the shape or form of objects using a
nonintegral ( or fractional) dimension. The familiar definition
of dimension is based on integers ( i.e. whole numbers). Points
are zero-dimensional; lines and curves are one-dimensional;
squares, circles and other plane figures are two-dimensional;
spheres, cubes and other solids are three-dimensional;
theoretically, this progression continues.
Fractals, not conforming to the classical definition
of dimension, have dimension between one and two or two and
three, etc. The dimension of a wiggly fractal curve depends on
how much area the curve fills in its meandering course.
Similarly, the dimension of a hilly fractal scene depends on the
amount of space the surface fills. The fractal dimension of a
curve or a surface is a measure of the degree of complexity of
the curve or the degree of roughness of the surface.
In practical use, an island's coastline can be assigned
a fractal dimension. The length of the coastline, when drawn at
a set scale, can be compared with the length when drawn at a
finer scale. In this case, the perimeter would be much longer
because a map on a finer scale traces bays and estuaries that a
larger scale map cannot. Thus, as the length of the coastline is
measured at finer and finer scales, the length of the coastline
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2. increases without bound.
At this point, a more concrete example may be
helpful. Suppose Paul Bunyan was walking around the perimeter of
our island, and it took him fifty paces to complete the trip. If
an average person with step length one-half that of Paul Bunyan's
were to make the trip, on might expect that person to take one
hundred paces. Similarly, if a toddler was to make the trip, and
the toddler had one-half the step length of an average person,
then one might expect the toddler to take 200 paces.[1,p.9] This
in not the case because of the random, fractured nature of
coastlines. The ratio of step length to steps required to walk
around the island is not an integer ratio such as 1:2 but a
fractional ratio. This fractional ratio would differ depending
on the coastline involved.
An important characteristic of fractal figures is the
quality called self-simulation or self-symmetry. "Just as round
objects are symmetric under rotations, fractals are symmetric
under dilations, or changes of scale."[2,p.94] This is nicely
illustrated by the Koch curve ( see Figure l). The Koch curve
is generated by infinitely repeating the established pattern,
starting with an equilateral triangle, then adding a smaller
triangle to each side to create the Star of David, and continuing
in this fashion. With each iteration of this process, the length
of the figure is increased by 4/3 but the area is increased by
only 1/3. Thus, the curve has infinite length but encloses a






N = number of similar parts
r = scaling factor
D = dimension
coastline; we are unable to measure the length, but in both cases
we can quantify the length with a fractal dimension. In
calculating the dimension of the Koch curve, the fractal
dimension is used as an exponent in measuring its size. We have
the following re1ation:[3,p.123]
N = l/rD (1)
Some numeric examples maybe helpful at this point.
Referring to Figure 2 we find that the number of similar parts 1S
3, the scaling factor 1S 1/3, and D = 1, since the figure is one-
dimensional. Substituting these values into equation (1), we
have 3 = 1/(1/3)1.




Referring to Figure 3 we find that the number of similar parts is
4, the scaling factor is 1/2, and D = 2, since the figure is two-
dimensional. Substituting these values into equation (1), we
have 2 = 1/(1/2)2.
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TWO {)'MENSJOriAL CASE
EB r::.L N::4a 0=2
Figure 3
Similarly, referring to Figure 4 we see the number of similar
parts is 27, the scaling factor is 1/3, and D = 3, since the
figure is three-dimensional. Substituting into equation (1), we






Figures 2 - 4 are examples of one, two and three-dimensional
figures respectively, in the classical sense of dimension.
Referring to Figure 5, we see that the number of similar parts is
4 and the scaling factor is 1/3. Calculating the fractal








r-=~ N:: 4 D=L2GI8
Figure 5
The fractal dimension of an island's coastline is not
calculated as easily, since islands are not regular geometric
figures. An empirical study done by Lewis Richardson, a British
meteorologist, found that the dimension varies between 1.15 and
1.25, depending on the coastline invo1ved.[3,p.123]
In 1973, while at IBM, Mande1brot developed an equation
dependent on the fractal dimension which would plot typical
island coastlines. Regarding the model, Mande1brot said:
When we put smaller parameters in the same equation,
the shapes became smoother and rounder. When we
increased the parameter, the coastlines became
increasingly irregular and soon broke up into
complicated archipelagoes, like the Aegean .. But
in the right range of the parameter, we got shapes
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typical of real islands and continents. .
. . The
parameter in this equation is also called fractal
dimension The idea [ fractal dimension] had
been around for a while but had remained abstract,
hence elusive. Now, after seeing the coastline
pictures, everyone agreed with me that fractals were
part of the stuff of nature.[4,p.l03]
Through this concrete and visible demonstration, Mandelbrot was
able to convince people that fractals are descriptive of nature
itself .
Another fractal, the Peano curve, displays an
interesting property of some fractals ( see Figure 6). When the
pattern established is repeated infinitely, every point can fall
on a boundary between black and white. The Peano curve has a
dimension of almost two since it is so close to filling the
plane. The Peano curve displays a greater degree of complexity
than the Koch Curve. As the dimension approaches the next
highest integer the complexity increases. In other words, the
dimension of the curve is close to two without actually being
two-dimensional.
The property of self-symmetry is what first attracted
Mandelbrot's attention to the "fractal geometry of nature."
While attacking the problem of "noise," unexplained errors in
electrical transmission lines while at IBM, Mandelbrot found that
the errors were not random. They came in bunches, remaining




P = perimeter of the rain ( or cloud ) area
A = area of rain ( or cloud )
D = frac tal dimension of the perimeter
( i.e. similar at any scale ).[S,p.112] In this case, the errors
were similar under dilations of the time frame. This property
has proven applicable in many different areas of science and
nature.
One application is the area-perimeter relation for rain
and cloud area. We have the following relation:
P
- ~ (2)
Prior to Mandelbrot's work in fractals, this area-perimeter
relationship could not be associated with any known theory. By
including D as a factor in the model, the "wiggliness" or degree
of contortion of the rain or cloud area is taken into account.
This relation holds true over a range of six orders of magnitude
( 101
- 106 km2 ) for the area. In other words, the cloud and
rain areas are self-similar at any scale.[6,p.186]
Determining the toughness or strength of metals is one
geologic application of fractals. Assigning a fractal dimension
to the roughness/smoothness of a certain piece of metal provides
a metallurgist with a new tool for characterizing metals. Metals
with different strengths have different fractal dimensions. In
practice, applying a heat treatment to the metal changes the
roughness of the metal, causing a corresponding change ~n the
fractal dimension.[7,p.42]
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In nuclear physics, fractals have been used to form a
revised model for turbulent motions in thermonuclear plasma.
What is known as the Weierstrass equation has been modified to
something called the Weierstrass-Mandelbrot equation. Scientists
are currently testing whether this equation can be applied
successfully. For the new model, the fractal dimension is a
measure of the degree of roughness and the number of sharp
changes in the graph of the motion. The previous theory
separated motion into two components, a slowly varying average
part and a rapidly varying random part. The modified version
separates the motion into a smooth varying part and a fractally
varying part. The goal is to determine the rate of movement of
particles and energy through the turbulent plasma based on the
fractal dimension. If successful, this could prove crucial in
fusion experiments.[8,p.30J
Another application in yet another field concerns the
structure of protein molecules. The assumption is made that the
molecules consist of N identical basic units linked together in a
particular way. The fractal dimension, in this case, is
determined by how these N basic units arrange themselves. The
number of bends or folds will represent a degree of complexity of
the protein molecule. "Individual regions of proteins show
considerable variation in D [ fractal dimension J. These
variations maybe related to structural features . suggesting
the surface texture maybe a factor influencing molecular
interactions."[9,p.1163J The three protein molecules in the
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study, myoglobin azide (MbN3) , ferricytochrome c (CC) and
cytochrome P-450 have a fractal dimension of 1.65 ~ .04
-
5/3.
[10 ,p .281 ]
Another question presently under consideration is how
heat moves through amorphous solid matter such as glass, rocks
and ceramics, where molecules are arranged in no apparent order.
The conduction of heat through such material, at low
temperatures, can be explained through euclidean geometry.
Scientists hope to establish a theory, using fractals, to explain
the conduction of heat at higher temperatures. At low
temperatures, heat displays longer wavelengths which flow freely
through amorphous material. The longer waves are able to bypass
the random structure. At high temperatures, the waves are short;
therefore, heat is no longer moving in waves but in a hopping
motion. The heat is dispersed from one site to the next through
the material, forming a "fractal network." Thus as temperature
increases, the heat dispersement displays a transition from
euclidean to fractal geometry.[11,p.28]
The human circulatory system can also be seen as a
fractal. Blood vessels, from the aorta to the capillaries,
branch and divide into smaller and smaller units until blood
cells are forced to pass through one at a time. The human body
is so efficiently filled that no tissue cell is ever more than
three or four cells away from a blood vessel, even though the
vessels and blood make up no more than five percent of the body's
volume. This exemplifies a space-filling, three-dimensional
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version of the Peano curve mentioned earlier.
The next example shows that the variety of applications
now reaches beyond the scope of the natural sciences. There is a
fractal dimension of the richness of vocabulary. The
distribution of word frequencies in different languages is almost
universal and is called the Zipf phenomenon. Zipf's law) derived
empirically) predicts this distribution. Based on the self-
similar characteristics of a lexicographical tree) Mandelbrot
derived the Zipf law) where in this case the fractal dimension
measures the richness of vocabulary.[3)p.123]
These applications are from a variety of disparate
fields. Many involve situations previously assumed to be random.
For example) the "noise" in electrical transmission lines appears
random) but this is not the case. Fractal geometry allows us to
quantify the variable in these cases. Other applications
provide us with a new way of visualizing and quantifying the
geometry of the situation) such as the geometry on a molecular
level.
The mathematics behind fractal geometry) discussed ~n
a later section) was completed by two French mathematicians)
Gaston Fatou and Pierre Julia ( c. 1914 ). "Mandelbrot was the
first to determine that many structures in nature exhibit self-
similar geometry."[12)p.814] Mandelbrot's contribution to
mathematics is limited) but his effect on the scientific
community can almost be labeled a revolution. His ideas have
affected almost every branch of science. As a result) scientists
12
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f2(z) = ( z2 + c )2 + c
f3(z)
= « z2 + c ) 2 + c )2 + c
f4( z)
= «( z2 + c )2 + c )2 + c )2 + c
Given g(w) = a w2 + a1w + aO' f( z) = z2 + c, where c2
= aO a1 2/4a2
'
h(u)
= Ru, and k( z) = z + a1/2a2. Here
h(u) is a dilation or a contration depending on the size of a2
'
Section 2: Background Mathematics
The Mandelbrot Set depicts the results when the complex
quadratic function f(z) = z2 + c is iterated, given z
initially set to zero. The iterates are as follows:
etc., where fn(z) represents the nth iterate of the
function f.
It can be shown through transformations, that f(z) =
z2 + c is the equivalent of g(w) = a2w2 + a1w +
aO' which is
an arbitrary second degree polynomial over the complex numbers.
The first equation is more accessible since there is only one
unknown value c. The transformations are as follows:
and k(z) is shift ~n the complex plane in some direction.
Claim: g(z) = f(h(k(z))). This can be shown by first
calculating h(k(z)).
f\h(k(z)) = Va2( z + a1/2a2 )




( Va2z + a1/2~a2) + c
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f(h(k(z») = a z2 + alz + al 2 /4a2 + c2
Substituting in c we have
f(h(k(z») = a z2 + alz + al2/ 4a2 + aO - al 2/ 4a22
Thus, f(h(k(z») = a z2 + alz + aO = g ( z) . So, with equation2
The fixed points of the iterates of f are given by
the equations:
fl(z)
= z or z2 + c = z
f2(z)
= z or ( z2 + c )2 + c = z
f3(z) = z or « z2 + c )2 + c )2 + c = z, etc.
fixed point of f, then the iterates of w form an attrac tive
cvcIe of lengththreewhich will approach one of the values w,
f(w), or f2(w) as n approaches infinity.
(3) we are actually considering the general case of an arbitrary
second degree polynomial over the complex numbers.
At this point a few definitions are necessary before
defining the Mandelbrot set. In the following definitions, f
is the complex function defined by equation (3).
Definition: For a complex polynomial g(z), the ~ points
are the solutions ( if any) of the equation g(z) = z.
Suppose w is a fixed point of the third iterate, then
f3(w) = w. It follows that f3(f(w» = f(f3(w» = f(w). So,
f(w) is a fixed point. Similarly, f3(f2(w» = f2(f3w» = f2(w)
showing f2(w) ~s a fixed point also. Assuming w is not a
(,
15
Definition: Let w be an attractive fixed point of f(z) = z2 +
c. Then we define the
~2f attraction for Ws written
A(w)s to be the set of pointss under iterations of fs which
z - 0
I = I z I = r








approach the fixed point w. Thuss
A(w) = { z : fn(z)
--> w as n approaches infinity}
Definition: Let v be a cycle of length ks with v =
is the union of the indivual points of v.
For examples let f(z) = z2 where c = O. Then Os Is
and infinity are the attractive fixed points of f. The basin of
attraction of 0 1S a unit disk centered around zero.
Proof: We have that z = rei6s which is the polar form of z.
Here r is the modulus or size of z. Then
It follows that fk(z) converges to zeros the attractive fixed
points if and only if r < 1. SOs {A(O)
= z : I z I < 1 } and
the basin of attraction is the unit disk.
Definition: The Julia ~ of f(z) = z2 + c 1S the common
boundary of the basins of attractive cycles of f.
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Theorem: [ Fatou, Julia The Julia set of f(z) = z2 + c ~s
connected if and only if z =
°
is not within the boundary of
the attractive cycle of infinity for any given complex number c.
Finally, we come to the definition of the Mandelbrot set which is
dependent on the defintion of the Julia set.
Definition: The Mandelbrot ~ is the set of all complex numbers
c for which the Julia set of f is connected.
An obvious question at this time is: Under what
circumstances is the Julia Set connected? "The answer is both
simple and charming: if the point c is chosen from inside the
Mandelbrot set, the corresponding Julia set is connected. If on
the other hand, c is selected from outside the Mandelbrot set,
the Julia set for c is not connected."[13,p.140,141] This is
justified by the following theorem which will not be proven here.
By definition, we have that a point c belongs to the
Mandelbrot set if the sequence 0, c, c2 + c, ( c2 + c ) + c,...
is not drawn to infinity. This is the reason for initially
setting z =
°
as stated at the beginning of this section.
Additionally, the Mandelbrot Set can be shown to be a
subset of the set {w: I w I < 2; w is complex}, where .w
..
represents the size of w. This is stated in the following
theorem.
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This result will be used in the following program as a
criterion in determining whether a po int c belongs to the
Mandelbrot set or not. Now we are ready to proceed with the
Theorem: If
I c I > 2 then the sequence fn(O) , n = 1 2 3, , ,...,
diverges to infinity as n approaches infinity.





Proof: Given C > O. Suppose
I c I = 2 + t then we will prove
by induction that I fn(O) I diverges as n approaches
infinity. Let k = 1. Then fl(O) = c and c I = 2 + (. > 2.





~ I fk( 0) 12 c
I
by the triangle inequality. Thus,
=
( 2 + k )2
-
( 2 )
= 2 + ( 4k 1) + k2 2
It follows that I fk+l(O) I >,. 2 + ( k + 1 )
Therefore, we have shown that if




after 1000 iterations. These points are assigned a particular
color, usually black ( i.e. , no color ). For the remaining
points with COUNT value between zero and 1000 the color is set
Section 3: Program Description
This is a description of two programs used in
generating the attached pictures of portions of the Mandelbrot
set. The Mandelbrot set is within the area bounded by -2.25 and
0.75 on the real axis, and by -1.5 and 1.5 on the imaginary axis
of the complex plane. For running the program a square portion
of this set must be chosen to be displayed. The first program
generating the picture is written in FORTRAN and executed on the
mainframe computer, the Amdahl 5850, here at NIU. The second
program displaying the picture is written 1n Quick Basic and is
executable on a microcomputer.
The first program performs the iterations of f(Z) = Z2
+ C for each point in the array. Here the array is 200 by 200.
The chosen area is specified by inputing the lower left hand
corner and the length of a side of the area to be displayed. A
count is kept of how many iterations are calculated. Then an
integer value 0 - 9 is assigned to COLOR according to the value
of COUNT, which represents a particular color. In other words,
an area of the Mandelbrot set is assigned a color, say purple, if
the COUNT is in a certain range of values. The colors can be
distributed in an arbitrary manner. Here it is assumed that if
COUNT exceeds 1000, then the point is considered to be in the
Mandelbrot set. In other word the size of Z did not exceed two
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according to how fast the size approaches infinity. Those with a
smaller COUNT approach infinity faster because it takes fewer
iterations for the size to exceed two. After COUNT is
determined, it is stored in the array. When all the points of
the array have been assigned a color, the program prints the
array and exits. From the output file of the first program a
data file is generated containing only the integer values of
COLOR for each point in the array.
The display program displays a color picture of the
Mandelbrot set ( or portion of the set). The input for the
program is the size of the data file, in this case 200 by 200.
The data is read in one line at a time as a string variable. A
color is displayed for each character of the string. The data is
processed one character at a time until the entire file is
displayed. These are amazingly simple programs considering the
richness reflected in the results. Figures 5 - 15 display the
beauty and detail to be bound in the Mandelbrot set.
Having discussed the various aspects of Mandelbrot's
work, scientific, mathematic and computer applications, now we
can discuss the theoretical relation between them. An idea which
synthesized these various aspects is stated in An Introduction tQ
Chaotic Dvnamical Systems: "Intuitively, a fractal is a set
which is self-similar under magnifications."[14,p.37] This can
be seen in Figures 7 - 15 displaying portions of the Mandelbrot
(' Set. The Mandelbrot Set itself is repeated in Figure 12. By
zooming in on -.7454356 to .7454215 on the real axis, and
20
plane, we find an exact duplicate of the Mandelbrot set. This
idea of self-simulation has been described in the application
portion of this paper. It is found in the mathematics as
displayed by the program.
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( ACORNER + BCORNER
*
i = C )
GAP - length of side / dimension of array
Z - imag inary numb er ( initially set to 0 )
B = J * GAP + BCORNER ( A + B*i = C )
While COUNT< 1000 and s ize( Z) < 2 do
Z = Z2 + C
Section 4: Program Documentation
Variables of generating program :
COUNT - iteration count
ACORNER real portion of lower left hand corner point
BCORNER imaginary portion of lower left hand corner point
COLOR an integer value 0 through 9 which represents a color
PIC - a two dimensional array to store the COLOR for each point
Pseudo Code for generating program :
initialize Z = 0, ACORNER, BCORNER, COUNT = 0, GAP
For I = 1 to dimension of array




COUNT = COUNT + 1
End while
Assign an integer value to COLOR
PIC(I,J) = COLOR





Variable description of the display program
XLENGTH horizontal dimension of array
YLENGTH vertical dimension of array
A$ - current line of data
Pseudo Code for display program
Input XLENGTH and YLENGTH
For I = 1 to YLENGTH
Input A$
For J = 1 to XLENGTH






Real Coordinates: -2.25 to .75
Imaginary coordinates: -1.5 to 1.5
Length of a side: 3
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Figure 8
Real Coordinates: -.75104 to -.74079
Imaginary coordinates: .10511 to .11536





Real Coordinates: -.74591 to -.74448
Imaginary coordinates: .11196 to .11339




Real Coordinates: -.745538 to -.745123
Imaginary coordinates: .112821 to .113236




Real Coordinates: -.745486 to -.745385
Imaginary coordinates: .112979 to .113062
Length of a side: .000083
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Figure 12
Real Coordinates: -.7454356 to -.7454215
Imaginary coordinates: .1130037 to .1130178
Length of a side: .0000141
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Figure 13
Real Coordinates: .265 to .27
Imaginary coordinates: 0.0 to .005
Length of a side: .005
30
Figure 14
Real Coordinates: .2655 to .2665
Imaginary coordinates: 0.031 to .0041
Length of a side: .001
31
Figure 15
Real Coordinates: .2656 to .2657
Imaginary coordinates: 0.0352 to .00362
Length of a side: .0001
32
References
1. "Mathematics of a Liquid Squeeze Play",
Science, June, 1985, pp. 9.
2. Sander, Leonard M., "Fractal Growth", Scientific
American, January, 1987, pp. 94-100.
3. Steen, Lynn Arthur, "Fractals: A World of
Nonintegra1 Dimension", Science ~, August 20,
1977, pp. 122-123.
4. Davis, "Interview: Benoit B. Mande1brot", Qmni,
February, 1984, pp. 64-66+.
5. G1eik, James, "The Man Who Reshaped Geometry", ~
~ Times Maiazine, December 8, 1985, pp. 64-65+.
6. Lovejoy, S., "Area-Perimeter Relation for Rain and
Cloud Areas", Science, April 9, 1982, pp. 185-7.
7. Peterson, Ivars, "Ants in Labyrinths and Other
Fractal Excursions", Sc ience ~, January 21, 1984
pp. 42-3.
8. Thomsen, Dietrick E., "A Place in the Sun for
Fractals", Science ~, January 9, 1982, pp. 28+.
9. Lewis and Rees, "Fractal Surfaces of Proteins",
Science, December 6,1985. pp. 1163-1165.
10. "Fractal Proteins", Science~, November 1,1980,
pp. 281.
11. Koz1ov, Alex, "Hopping Heat Waves", Science Diiest,
June, 1986, pp. 28.
12. Orbach R., "Dynamics of Fractal Networks", Sc ience,
33
16. Peitgenand Richter, Beauty Q.f.Frac tala , Springer-
Verlag, Berlin, 1986.
Note: Thanks to Cary Kolker, microcomputer lab
February 21, 1986. pp.814-815.
13. Dewdney, A. K., "Beauty and Profundity: the
Mandelbrot set and a flock of its cousins called
Julia", Scientific American, November, 1987. pp.
140-145.
14. Devaney, Robert L., An Introduction ~ Chaotic
Dvnamica1 Svstems, The Benjamin/Cummings Publishing
Co., Inc., Menlo Park, California, 1986.
15. Nicholls, Peter, Unpublished notes on Mandelbrot
set.
supervisor, for his help with the display program.
34
